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We analyze the value to firms of being able to renegotiate covenants in their
debt contracts. Covenants control agency problems, but also reduce firms’ flexi-
bility to pursue profitable investments. Initial covenants will be more severe for
renegotiable contracts, because they can be relaxed selectively when the lender
believes they pose an inefficient constraint. We show firms with high ex ante
credit risk find the option to renegotiate most valuable. The model is used to
explain why bank loans and privately placed debt typically have harsher cove-
nants than public debt and to predict which firms will borrow using closely held
debt. Journal of Economic Literature Classification Numbers: D82, G21, G32.
© 1992 Academic Press, Inc.

I. INTRODUCTION

Why do some firms place their debt publicly and others place their debt
privately or rely on bank loans? We suggest that the comparative ease
with which private placements and bank loans can be renegotiated is a
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major factor in a firm’s choice, when renegotiability is valuable to the
borrowing firm. Thus, factors that affect the value of the option to renego-
tiate debt should be related to a borrower’s debt choice.

Private placements and bank loans typically have more stringent and
detailed restrictive covenants then publicly placed bonds, a connection
that Smith and Warner (1979) have argued arises partly from the greater
ease of renegotiating contract terms with a small number of well-informed
institutional investors. Such renegotiations are a routine part of private
debt financings; Zinbarg (1975) reports that loans in Prudential Insurance
Company of America’s portfolio are renegotiated once a year on aver-
age-—and are not merely a response to borrowers’ distress. After provid-
ing a formal analysis of the connection between the severity of contrac-
tual covenants and the ease of renegotiation, we show that the value of
being able to renegotiate contractual provisions depends on the severity
of agency problems. In particular, we show that firms that are poor ex
ante credit risks find the option to renegotiate valuable and that as the
firms’ creditworthiness rises (above some critical level), the ex ante value
of the option to renegotiate the covenants decreases. The theory suggests
that poorer credit risks will depend more on bank loans and private place-
ments, since these are easier to renegotiate. This is consistent with the
empirical evidence.

We explore a simple model in which debt contacts may be written with
covenants of varying degrees of restrictiveness. The purpose of these
covenants is to reduce agency problems, in particular, to reduce the bor-
rowing firm’s incentive to underinvest in activities that raise firm value
when market conditions are difficult. Since these market conditions are
also those in which ultimate default is most likely, firm insiders have an
incentive to shift resources toward high-risk activities. To reduce borrow-
ing costs, borrowing firms will often agree to restrictions written into the
debt contract that are intended to counteract this incentive. But these
restrictions are not without cost. When market conditions are good, firm
insiders have less incentive to expropriate creditors, and the covenant
restrictions can reduce managers’ flexibility to make profitable invest-
ments. In theory, complex, contingent bond indentures might avoid these
trade-offs, but realistic covenant restrictions take the form of simple rules
which strike a balance between the control of agency problems and the
loss of flexibility.

In addition to designing the optimally restrictive covenant, we permit
borrowers to choose between contracts that permit renegotiation of the
contract and contracts for which renegotiation is impossible. On one in-
terpretation, this is a stylized way of capturing a borrower’s choice be-
tween bank loans and private placements, on the one hand, and public
debt, on the other. For both bank loans and private placements, the
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number of investors is small, reducing the transactions costs and holdout
problems that arise in attempting to fashion a bargaining coalition. In
addition, the investors tend to be relatively well informed, which avoids
some of the well-known problems of bargaining when information is
asymmetric. Government regulations also increase the cost of renegotiat-
ing public debt—the Trust Indenture Act of 1939 requires that two-thirds
of debtholders agree to any changes in the indenture (Leftwich, 1981).
There is empirical support for the argument that closely held debt is
comparatively easy to renegotiate. In addition to Zinbarg (1975) cited
above, almost half of the bank credit agreements that Lummer and Mc-
Connell (1989) identified from announcements in the Wall Street Journal
are revisions to existing credit agreements rather than new ones.

When covenants may be renegotiated selectively, contingent upon the
lender’s receipt of favorable information about the firm’s prospects, initial
covenants will optimally include more stringent covenants.' But the rela-
tive attractiveness of a policy of reducing the firm’s unilateral discretion
and providing flexibility through renegotiation will depend upon the ex
ante creditworthiness of the firm and upon the quality of the interim
information available to lenders.

We show that the value of the option to renegotiate—the difference in
the borrower’s expected profit under a contract when renegotiation is
possible and when it is impossible—is high when the firm’s ex ante cre-
ditworthiness is low. This result is supported by the empirical research of
Blackwell and Kidwell (1988), who find that issuers of speculative-grade
debt would have paid significantly more had they sold their debt publicly
instead of privately. After some initial range in which it may be increas-
ing, the value of the option to renegotiate decreases as the firm becomes
more creditworthy. In essence, the benefit of writing very stringent cove-
nants decreases as agency problems become less severe; hence the value
of the option to selectively renegotiate the contract declines. In addition,
we find that the option to renegotiate increases in value as the quality of
the lender’s information increases.

The paper proceeds as follows. Section 2 presents a brief review of the
relevant literature. After presenting the model in Section 3, we derive the
optimal debt contracts with and without renegotiation in Section 4. In
Section 5 we present and interpret the main results: our model’s empirical
predictions concerning the value of the option to renegotiate and firm
creditworthiness. Section 6 presents the conclusion and contains a discus-
sion of directions for further research.

! DeAngelo er al. (1990) provide evidence that private debt covenants are set tighter than
those in public debt contracts.
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2. A BRIEF REVIEW OF THE LITERATURE

Jensen and Meckling (1976) first proposed viewing covenants as bond-
ing activities, and Smith and Warner’s (1979) conjecture that the strin-
gency of covenants in private placements stems from the ease of renegoti-
ation forms the starting point for our study. More recently, theoretical
accounts of optimal covenant restrictions include Barnea et al. (1985),
Berlin and Loeys (1988), John and Kalay (1982, 1985), and Stulz and
Johnson (1985). John and Kalay’s (1982) model of optimal payout con-
straints as a solution to the underinvestment problem is closest in spirit
and structure to our own model. Like our model, John and Kalay adopt an
incomplete contracting approach, and their dividend payout constraint
places a floor on the borrower’s investment in some activity. However,
they do not analyze the factors affecting the stringency of covenants nor
the possibility of renegotiation, the main concerns of our paper.

Recently, a number of papers have analyzed models of financial con-
tracting where renegotiation is a central element. Aghion and Bolton
(1988) view covenants as a means of optimally allocating control rights
between managers and creditors and show that, if the borrower faces
liquidity constraints, then renegotiation need not achieve the first best,
even when information is symmetric. The central contractual trade-off in
Aghion and Bolton, controlling agency problems versus giving the bor-
rower discretion to make efficient decisions, is similar to our main con-
cern. But they do not analyze the implications of the option to renegotiate
for the optimal design of initial contracts. Also, while their model of
optimal control regions based on noisy indicators suggests factors that
may be important in determining the optimal stringency of covenants,
they do not pursue this question.

Huberman and Kahn (1988a) show that the threat of bankruptcy can
increase efficiency even though both borrower and lender know that con-
tract renegotiation will always prevent bankruptcy. This effect also oc-
curs in our model, where the option to renegotiate permits contracts to
utilize more stringent covenants, which are then renegotiated selectively.
Unlike our model, Huberman and Kahn’s contracts with renegotiation
always achieve first best, and when renegotiation is valuable, it occurs
with probability one. These conclusions follow because their model has
neither uncertainty about borrower type nor asymmetric information, the
two elements that drive our comparative statics results concerning the
value of the option to renegotiate.? When there is uncertainty and a cost to
contract complexity, Kahn and Huberman (1989) show that renegotiation
can achieve an efficient outcome while no other simple contract can.

2 Hart and Moore (1989) and Sharpe (1988) also present financial contracting models in
which renegotiation is a central issue. Neither paper considers the possibility that the rene-
gotiability of the contract may be an object of design. In turn, neither examines the value of
the option to renegotiate.
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Information Period Action
Borrower and lender know prior p 0 Contract is signed

Lender invests k in
monitoring apparatus when
renegotiation is possibie

Borrower learns: 1 Borrower chooses x;
(1) Type s
(2) Whether lender will
be informed
Lender learns borrower type with 2 Borrower may propose new
probability ¢ contract if renegotiation
is possible

Lender may accept or refuse

Borrower is audited and:
(1) "Liquidated"” if breach

(2) Permitted to continue
if no breach

State of market z is realized 3 Revenues are produced

FIGURE 1

3. THE MODEL

A. Timing and Information Structure

A risk-neutral entrepreneur, the borrower, has no wealth and needs to
borrow one dollar of funds from a risk-neutral lender at time 0 to carry out
a project that pays off in period 3.> The market for loanable funds is
competitive, and lenders have a required (three-period) factor of d.

The following discussion of the timing of production and the informa-
tion structure of the model is illustrated in Fig. 1.

The revenue that the borrower can produce in period 3 depends upon
the state of the market, a random variable z € {z,, 2.}, which is realized in
period 3 just before revenue is actually produced. This random variable
summarizes conditions affecting the firm’s profitability, for example, the
aggressiveness of the firm’s competitors, the quality of the firm’s manage-
ment, the costs of the firm’s inputs, or the demand for the firm’s products.
The prior probability that z = z, and the market is good is p, while the
prior probability that z = z, and the market is bad is 1 — p. This prior

3 Assuming risk neutrality is not essential. In our model, the borrower’s payoffs are more
variable when renegotiation is possible, so a risk-averse borrower would find the option to
renegotiate the contract less valuable than a risk-neutral borrower.
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probability is known to both the borrower and lender in period 0 and may
be viewed as a measure of the firm’s ex ante creditworthiness.

At ¢t = 1, only the borrower receives some news, s € {sy, 5g}, which
provides information about the ultimate state of the firm’s market. Condi-
tional upon this information, the borrower makes an updated forecast,
pi = p(zls;), the probability that the state of the market will be z; given
news s;. We assume that the news contains a small amount of noise, so
that p,, = pob = I — &, and pg, = py, = &. Since the news is very
informative about the likely state of the market, we often refer to a bor-
rower that observes s, as a good borrower and one that observes s, as a
bad borrower.

As an insider, the borrower is likely to be the first to become aware of
any important information about firm prospects. But a lender that has
borne the initial costs of developing expertise about market conditions
will ultimately be able to identify and interpret at least some types of
events. Essentially public events, like entry into the firm’s market, are of
this type. Other events, like the results of the firm’s initial marketing
efforts, are easy for the borrower to misrepresent, so even a relatively
well-informed lender will remain at an informational disadvantage. Since
the type of information determines whether the lender becomes informed,
the borrower is likely to know whether the lender will become informed.

We formalize these ideas as follows: In period 0, the lender may bear
some fixed cost & which permits it to observe the signal s in period 2 with
probability 8.% That is, with probability 8, s is public information and the
lender and borrower become symmetrically informed in period 2. We
refer to this state as the informed state. With probability 1 — 6, the
borrower’s information remains private, and we refer to this state as the
uninformed state. When the borrower observes s in period 1, it also
knows whether the lender will be informed in period 2.

Finally, we assume that final revenues are unobservable and that the
optimal contract is a debt contract.

B. The Borrower’s Production Decision

Immediately upon receiving the news in period 1, the borrower must
make a final decision about how funds will be allocated between two types

4 The lender will not find it in its interest to bear this cost if the contract does not permit
renegotiation. We do not endogenize the lender’s decision to monitor, and it is crucial for
our results that the borrower knows that the lender has borne the monitoring cost if the
contract is renegotiable. It would not be difficult to endogenize the lender’s decision, but the
profitability of monitoring will depend crucially upon the relative bargaining power of the
borrower and lender in contract renegotiations. We have chosen to avoid this interesting
issue, because we do not have a convincing theory of bargaining power in contract renegoti-
ations. This is an interesting direction for future research.
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of activities. Although certain activities certainly increase firm value
whether market conditions are good or bad, others are targeted to particu-
lar market conditions: Consider, for example, the producer of an innova-
tive desktop computer. If the producer expects large sales, an investment
that allows it to supply buyers of the desktop computer with peripherals
may be profitable because of the customer base that will be established.
However, when sales are expected to be modest, the same investment
would reduce firm value because the opportunities for related sales will be
low. In a stagnant market, a firm’s revenues might be increased by more
attentive billing and inventory control procedures, by reducing the
workforce, or by hoarding cash. Where profitable growth opportunities
exist, these measures would divert resources from more productive uses.

To formalize this idea, we classify productive activities into those that
increase revenue when market conditions are good and those that in-
crease revenue when market conditions are bad. For simplicity we as-
sume that this classification is a partition, so any investment that in-
creases revenue in a good market has no effect on revenue in a bad market
and vice versa.’ Accordingly, let x} denote the investment in an activity
that increases revenue in state of the market z; taken by a borrower who
has observed news s;. We refer to the activities that increase revenue in
good market conditions as growth activities and the activities that in-
crease revenue in bad market conditions as safety activities. Let the
borrower’s revenue in a good market be denoted by R#(x§, x}’) and the
borrower’s revenue in a bad market be denoted by RP(x%, x}’). Then our
assumption that particular types of activities are productive only in partic-
ular states means that

Re(x}, xf) = Re(x%,0) and  R°(x§, x}) = R0, x? Vx§, xp. (1)

For ease of notation we suppress the unproductive argument in each
revenue function and write

RE(x®) = Re(x%, x?) and  R°(x}) = RO(x%, x]).

Letting Ri(x) and R’.(x) denote the first and second derivatives, the
revenue funqtion for state of the market z;, { = g, b, is increasing and
concave in x;, investment targeted at state of the market z;, that is

Ri(x)>0 and Ri(x}) <0. )

5 The assumption that activities that increase revenue in the good market have no effect
on revenue in the bad market, and vice versa, is stronger than we need. Since all of our
results are implied by the concavity of the revenue functions, all we require is that there not
be too much complementarity between the activities.
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We assume that in period 1, the full one dollar of funds initially invested
in the firm may be allocated between the two activities. So the borrower
who has observed s; confronts the following resource constraint:

A+ af=1 3)

Given this resource constraint, the following conditions generate a con-
tracting problem:

(1 — e)RY(1) > ¢ R&(x), Vx, (4)

(1 — e)RE(1) > & RY(x),  Vx, (5)

Rb(1) < d, (6)
and

R&(0) > d. (7)

Condition (4) says that it is efficient for the bad borrower to invest
solely in safety activities, because the probability of a good market is very
low for a borrower that has learned bad news. Condition (5) says that it is
efficient for the good borrower to invest solely in growth activities, be-
cause the probability of a bad market is very low for a borrower that has
learned good news. Condition (6) implies that, despite condition (4), the
bad borrower has no incentive to invest in safety activities, since the
maximum revenue in the bad market is lower than the minimum possible
loan rate. Finally, condition (7) guarantees that there will be loan rates
such that a borrower in a good market can feasibly repay the loan. We
discuss the implications of relaxing these conditions in Section 4.

C. Covenants

Consider now the available contractual options. Since final revenues
are unobservable, we restrict attention to debt contracts, which specify
that the borrower make some fixed payment r in period 3. If the borrower
is unable to make the contractual payment, the lender lays claim to all
revenue that is produced.® A key feature of our model is that the lender
can exercise limited control over the borrower through the use of a con-
tractual covenant.

In general, it will be prohibitively difficult to guarantee efficient invest-
ment decisions by the borrower. This would require a bond indenture with

¢ Although we make no assumption about the costs of bankruptcy if the borrower defaults
on third-period loan payments, the firm’s revenue in the bad state can be interpreted as net
of any bankruptcy costs.
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an excessively detailed menu of permissible investment choices, each
contingent on a full description of prevailing market conditions. There is a
high cost for such complexity. And even if a lender has the expertise to
recognize an imprudent investment (given the prevailing market condi-
tions), it would have to be able to demonstrate to a court’s satisfaction
that the activities were, in fact, proscribed by the contract. Verifiability is
difficult. Thus, such detailed, intrusive contracting practices are simply
infeasible in practice.’

This does not mean that real world lenders must simply cede total
control to the borrower. In practice, debt contracts include indentures
that target certain key measurable activities that are not too difficult to
monitor and that are unambiguous to a comparatively uninformed third-
party enforcer like the courts. Such covenants include restrictions against
the sale of assets, limits on dividends, and the requirement that firms
satisfy certain financial ratios indicative of financial health.® Of course, a
firm may be able to satisfy the letter of the contract while acting ineffi-
ciently. But the firm’s capacity to do so is limited as long as it honors the
contract.

To model this kind of partial control through restrictive covenants, we
assume that contracts may be conditioned on an indicator that is strictly
increasing in the level of safety activities undertaken by the firm, / (x}’),
where I, > 0. This indicator is produced costlessly as a by-product of the
normal accounting practices of the borrower, cannot be falsified, and is
easily verified by the courts. Since the indicator is strictly increasing and
tl:)e units are arbitrary, without loss of generality we assume that /(x}) =
Xj.

This indicator might be a measure of working capital or current assets.
The aggressive pursuit of growth opportunities—producing new products
or expanding into new markets—will typically involve immediate in-
creases in the fixed capital stock and increases in expenses. This will
lower balance sheet indicators of liquidity and, in turn, the value of the
indicator would be low. Simply forgoing growth activities and allowing
revenues to accumulate within the firm, or cutting variable costs, will tend
to increase indicators of liquidity. On a second interpretation, exploiting
the most profitable growth opportunities in a good market might necessi-
tate acquisitions and liquidations. On the other hand, asset substitution in
a bad market might reduce the expected value of the firm’s assets. Thus,
growth opportunities are restricted and the value of the firm’s assets in

7 See Huberman and Kahn (1988a) for a nice discussion of contractual complexity and
verifiability.

8 See Smith and Warner (1979) for an exhaustive account of bond indentures. Castle
(1980) provides a list of common covenants in term loans.

9 Alternatively, we may view the indicator as strictly decreasing in the growth activities
undertaken by the firm.
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bad markets is increased by limits on asset substitution. On this interpre-
tation, the indicator would be inversely related to the dollar value of asset
sales.!?

Covenant restrictions stipulate that the borrower will be audited in
period 2 and that it is in compliance if x? = x*, where x* is the minimum
acceptable level of the safety activity.!' So the covenant might be a mini-
mum working capital requirement or a restriction on asset sales. Castle’s
(1980) list of covenant restrictions in term loan agreements indicates that
such restrictions are common. In addition, his list includes a requirement
to engage only in the present line of business, which can be interpreted in
the model as a limit on the firm’s growth activities.'?

We assume for now that the courts can enforce the following type of
contract: If no breach has occurred, then the borrower retains control of
the firm until period 3. If the covenant is breached, then control of the firm
is transferred to the lender, which liquidates the firm’s assets and receives
this liquidation value in period 3. Later we present conditions that guaran-
tee that the lender would wish to liquidate in the event of breach. The
borrower is assumed to receive no share of the firm’s value in liquidation,
and we make the following assumptions about the liquidation value of the
firm, L/,j = g, b.13

First, the liquidation value of the firm in a bad market is greater than
any revenues it might produce in period 3, or

Rb(1) < LY, (8)

Second, the maximum revenue producible in period 3 by the firm in a
good market is greater than its liquidation value, or

Re(1) > L& 9)

10 On a third interpretation, the indicator might refer to revenues produced in the second
period. Thus, our model of the optimal stringency of restrictive covenants might be reinter-
preted as a model of debt maturity.

I Without loss of generality, we assume the cost of the audit is zero.

12 In our model, the indicator of the level of safety activities is not noisy. Noisy indicators
would generate another cost of using stringent covenants and provide another rationale for
renegotiable contracts. When the contract is renegotiable, an informed lender can avoid
liquidating good firms that unwittingly breach. The optimal stringency and the relative
attractiveness of renegotiable contracts will depend not only upon the ex ante creditworthi-
ness of the firm but also upon the precision of the indicator. In a somewhat different model,
Berlin and Loeys (1988) show that renegotiable contracts are attractive when indicators are
imprecise and the ex ante creditworthiness of the firm is neither very low nor very high.

13 We assume for simplicity that the firm’s liquidation value is independent of its invest-
ment decision. While this assumption is somewhat extreme, we might imagine that the value
of the firm’s assets in alternative uses is largely independent of their efficient or inefficient
deployment in the borrower’s own market.
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Assumption (8) conveys the plausible idea that in a bad market the
firm’s assets might more profitably be deployed elsewhere, and a whole-
sale liquidation of the firm’s assets would be desirable. On the other hand,
it would be preferable to permit a firm in a good market to continue
production rather than sell off the firm’s assets. Although it is a conven-
ient shorthand to refer to Lt as the good firm’s liquidation value, we might
Jjust as well imagine that a formal breach of contract leads to a costly,
public reorganization. Assumption (9) implies that both borrower and
lender have a common interest in avoiding a formal breach of contract
when both know that market conditions are likely to be good.'*

Finally, we make the following parametric restriction:

PpR&(1 — x) + (1 — p)RP(x) < pL& + (1 — p)Lb, Vx. (10)

Interpreted literally, assumption (10) implies that based upon prior proba-
bilities, a policy of liquidating the firm in period 1 maximizes the firm’s
expected value. But this implication is an artifact of the stylized nature of
the model and would not follow if the model were changed in a simple way
that would leave all of the model’s predictions intact but would add some
cumbersome notation: Consider the addition of states in which the cove-
nant is not binding on the good firm. Then properly interpreted, p is the
probability that the firm is good conditional on the covenant’s being bind-
ing.?

The full import of assumptions (8)-(10) becomes clear in Section 4
where we discuss contract renegotiations in detail. However, it may be
worth mentioning now that, in equilibrium, firms are never liquidated in
period 2; either borrowers satisfy the original contract or the covenant
restriction is renegotiated. Production decisions and bargaining outcomes
are affected by the threat of liquidation, but liquidation never actually
occurs in equilibrium.

!4 In his account of loan workouts for institutional investors, Rosenberg (1984) discusses
the benefits of avoiding formal breach. On the one hand, the firm’s other creditors will often
have cross-default clauses or contractual protections requiring notification of a breach of
any of the firm’s debt contracts. This immediately raises the number of claimants in the
bargaining process and may propel the firm into Chapter 11 proceedings. In addition, firms in
default typically find it more difficult to arrange trade credit, and customers who depend
upon a continuing relationship with the firm may abandon ship in the face of uncertainty
about the firm’s future operations.

5 In our model, the likelihood that the covenant will bind is not dependent upon the
stringency of the covenant. As long as this is true in an expanded model with states in which
the covenant does not bind, then all of our results carry over exactly. A potentially interest-
ing extension of the model would recognize that more stringent covenants increase the set of
states in which the covenants bind. We discuss the effect of relaxing assumption (10) in
Section 4.
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D. Renegotiation

In addition to designing the payments and the covenant restrictions, we
also permit the borrower and lender to design the contract so that renego-
tiation of contract terms is impossible, if they so choose. While the con-
tracting literature has stressed the difficulties of enforcing a promise to
refuse to renegotiate, certain contractual choices may ease or discourage
renegotiation (see, for example, Hart and Moore (1988)).

For example, debt placed privately with a small number of large inves-
tors or a single bank loan may be much easier to renegotiate than public
debt. When renegotiation requires costly monitoring—as it does in our
model—a small number of heavily exposed investors will have greater
incentives to bear the costs of staying informed. In addition, consensus is
easier to obtain when the debt is closely held. As Hart and Moore (1989)
have argued, widely dispersed debt may serve as a precommitment device
that raises the costs of renegotiation. So our assumption that contracts
might preclude renegotiation may be interpreted as the possibility of float-
ing a public bond issue in preference to a private placement or bank loan.

However, the ability to renegotiate contracts in the light of new infor-
mation may be quite valuable. In our setting, when renegotiation is possi-
ble, the borrower may seek to renegotiate the contract in period 2, before
the audit establishes whether a breach has occurred.!'s For simplicity, we
assume that the borrower makes a take-it-or-leave-it offer of a new con-
tract to the lender, who may then decide to accept or reject. If the lender
accepts, then the new contract is in force; if the lender rejects, then the
original contract remains in force.'” We exclude the possibility that the
lender offers the borrower a side payment to forgo production.'®

16 Nothing changes if we assume that renegotiation follows, rather than precedes, the
audit because the audit reveals only whether the covenant has been breached, not the
borrower’s type. However, it is important for our results that the firm must make its produc-
tive choice before renegotiation occurs. In particular, this assumption is the main reason
that separating equilibria do not arise in the bargaining game. One may view this assumption
as the polar case that best captures constraints on renegotiation in the real world, where
decisionmaking is continuous and business opportunities are fleeting. Alternatively, this is
the timing structure that would arise endogenously in a world where the firm’s ‘‘type’’ refers
to the quality of its management, and where bad managers are reluctant to identify them-
selves, because the personal losses of doing so exceed any feasible compensation by the
firm’s owners. Recent models of managerial behavior of this type include Diamond (1990),
Harris and Raviv (1990), and Stulz (1990).

17 This very simple bargaining game gives all bargaining power to the borrower, but more
general bargaining games that result in a sharing of the bargaining surplus would yield
identical results. The sole significance of the particular solution we choose is that it gives
some bargaining power to the borrower.

'8 In the real world, a side payment would take the form of a prepackaged bankruptcy in
which the firm’s owners retain equity in the reorganized firm. We sometimes observe this
type of agreement for firms in serious financial distress, that is, for firms that have already
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To complete our description of contracts, we note that while the lender
may have information about the borrower’s type, contracts may not in-
clude terms that are conditioned explicitly on the borrower’s type. Those
factors affecting the state of the market are complicated, and no third-
party contract enforcer can verify the firm’s type at reasonable cost.

4. OPTIMAL DEBT CONTRACTS WITH AND WITHOUT
RENEGOTIATION

If detailed, type-contingent contracts were feasible, but the lender
could not liquidate selectively, then by (4) and (5) the first-best contract
would direct the bad firm to invest all funds in safety activities and would
direct the good firm to invest nothing in safety activities. Since these are
not feasible, we now consider the optimal second-best contracts.

A. Optimal Nonrenegotiable Contracts

Consider a contract that includes a covenant of the form typical in debt
contracts. The contract specifies a loan rate r* and directs the borrower to
keep safety activities above some minimum level, x*. For this case, we
assume that renegotiation outside of bankruptcy is impossible both before
and after the audit. Thus, the covenant constraint is binding.

Before writing out the maximization problem, it is helpful to examine
the incentive-compatible production decision for a borrower that has ob-
served s;. This can be written

(x8, xP) = argmax {py max[R&(x%) — r, 0] + pyy max[R*x}) — r, 01} (11)
given the resource constraint (3) and the covenant restriction
b %
x) = x* (12)

By condition (6), RP(x) < r*, for any x and any feasible loan rate. So, as
long as pg; > 0 and R&(x$) > r*, a type j borrower will choose the minimum

defaulted. There are good reasons why we do not observe these types of agreements be-
tween institutional lenders and firms that are not in distress, that is, firms that can choose not
to default (as in our model). First, manager’s loss of control rents upon reorganization limits
the feasibility of striking a mutually beneficial deal between the firm’s lenders, owners, and
managers. Second, side payments from an institutional lender to the firm will almost cer-
tainly be challenged by other claimants on the firm, like trade creditors. Third, rewards to
the firm’s owners or managers for bad performance have very undesirable incentive implica-
tions. In a world where the firm’s type can be affected by effort, rewards for failure can
reduce effort and increase the likelihood of failure.
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level of the safety activity satisfying (12). The firm has no incentive to
invest any more in the safety activity because while this would increase
the value of the firm in the bad state, the lender, and not the firm would
get the additional revenue, since the firm defaults in the bad state.
Throughout, we assume that the optimal loan rate is low enough that a
borrower has positive profit when the market turns out to be good. Thus,
since pg, = 1 — & > 0, and py, = £ > 0, the borrower’s optimal choices are

xd=1=x*x2=x* and xf=1-x*x)=x* (13

recognizing that the resource constraint must bind, since the revenue
functions are strictly increasing.'

Note that (13) holds for any positive values of p,;. So, to keep the profit
expressions uncluttered (and for this reason alone), we make the simplify-
ing assumption that ¢ = 0; that is, the interim news about the ultimate
state of the market is nearly perfect. Then the problem is to choose {r*,
x*} to maximize the borrower’s expected profit subject to the lender’s
participation constraint and (13), or

max p{max[R&(x%) — r, 0]} + (I — pYmax[R®(x}) — r, 0}  (14)

{r*.x*}

s.t. p{min[r, R&(x§)]} + (1 — p){min[r, RP(xD)]} = d, (15)
and (13).

To solve for the optimal contract, substitute (15) and (13) into (14) to
obtain the borrower’s expected profit as a function of the covenant re-
striction,

pRE(1 — x*) + (1 = p)R°(x*) — d. (16)

Maximizing this expression with respect to x*, the first-order condition
defines the optimal level of the covenant

1® Assumptions (4) and (5) ensure that corner solutions for the borrower’s investment
choices are efficient. But suppose £ were large enough so that either (4) or (5) did not hold.
Given condition (6), borrowers still would have no incentive to invest in safety activities and
their equilibrium investment choices would still be given by (13). The only effect of relaxing
(4) or (5) is that there is an interior solution for x* over a larger range of values of p. If (6) did
not hold, but (4) and (5) did hold, then there would be no agency problem; the optimal
contract would be {r* = d, x* = 0}, the bad firm would invest only in safety activities, and
the good firm would invest only in growth activities. If we were to relax (4)-(6) together,
then the optimal contracting problem would become substantially more complicated, be-
cause a second agency problem—overinvestment in growth activities by the good firm—
would arise.
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-pR%¥1 — x*) + (1 — p)R2(x*) = 0, (17

assuming an interior solution.?

Expression (17) makes the trade-offs clear. The first term captures the
marginal cost of the covenant restriction: the good firm must invest in
safety activities even though this yields no added revenue under good
market conditions. The second term captures the marginal benefits of the
covenant restriction: the bad firm is forced to invest in safety activities
that it otherwise would not, thus increasing the period 3 value of the firm
in the bad market. Since the value of the firm is increased by the use of the
covenant, the borrower receives a lower loan rate than it otherwise would
and so willingly accepts restrictive covenants in the debt contract.?!

The optimal covenant will be less restrictive when agency problems are
likely to be less severe. Totally differentiating expression (17) we find that

dx* R&(1 — x*) + R2%(x*)
dp ~ pRE(I— 59 + (1 - pREGH ~ O (18)

since the numerator is positive by (2) and the denominator is negative by
the concavity of Ri(:). As the probability of good market conditions in-
creases, agency problems become less severe, so the optimal covenant is
less stringent.

B. Optimal Renegotiable Contracts

Assume now that the contracting parties have adopted a contractual
form that permits renegotiation of the contract, with »* denoting the loan
rate and x" denoting the covenant restriction in the initial contract.?? In
this case, the borrower will consider the possibility of renegotiating the
contract in period 2 when it makes its production decision in period 1.

We provide an intuitive discussion of the unique pure strategy equilib-
rium outcome.? Since the borrower knows whether the lender will be
informed, the borrower’s decisions in the informed and uninformed states
can be analyzed separately.

Informed state. 1n the informed state, the good firm will seek renego-
tiation and propose a new contract {r' = L&, x’ = 0}, which the lender will

2 The second-order condition is always satisfied, since the revenue functions are con-
cave.

! See Iskandar and Emory (1990) for evidence that credit ratings respond positively to the
inclusion of restrictive covenants.

2 To ensure that # is high enough so there is an agency problem, we assume that R%1) <
(d — pOL®)/(1 — pb).

23 See Appendix 2 for the formal derivation of the equilibrium production decisions and
the bargaining outcome.
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accept. The bad firm will not seek to renegotiate the contract. The bor-
rower’s investment choices are

x=1, xg =0 and xB=1-x" x2=x" (19)

Intuitively, the bad firm will never make a production decision in period
1 that will place it in breach of the original contract if it knows that the
lender will be informed in period 2. Since the liquidation value of a bad
firm is greater than any revenue it might produce in period 3 by (8), an
informed lender will always refuse a new contract offer from a bad firm,
because it would prefer to liquidate the firm. In turn, the bad borrower
will never choose a level of safety activities lower than that specified in
the original contract.?

Under assumption (9), the good firm will always request renegotiation.
The good firm will invest everything in growth activities and nothing in
safety activities in period 1 and will offer a new contract with no covenant
restriction. Since the borrower makes a take-it-or-leave-it offer, it offers
the lowest rate consistent with the lender’s accepting the proposed new
contract, L&, We assume that if the lender is indifferent, it will accept the
new offer.

At first glance, it might seem counterfactual that good firms seek rene-
gotiation while bad firms do not. But it should be remembered that we are
modeling renegotiations of ‘‘healthy’ firms. Lummer and McConnell
(1989) find that in their sample of 357 revised credit agreements, 259 were
favorable revisions while only 22 were unfavorable (76 were mixed), and
the favorable revisions were interpreted as good news by the market
(significantly positive average excess returns).

Uninformed state. In the uninformed state, given assumption (10),
there is no separating equilibrium and any pooling equilibrium involves
the lender’s liquidating rather than accepting any new contract offer.?
Thus, neither type of firm will seek to renegotiate the contract, and the
period 1 production choices are

xE=1-xm,x2=x", and xE=1-x"xp=x" (20)

The intuition behind this equilibrium is straightforward. In any pro-
posed separating equilibrium, where the contract offer reveals the bor-
rower’s type, the lender would accept the good firm’s offer and refuse the
bad firm’s offer. But if this is the lender’s strategy, the bad borrower

24 Clearly, no borrower could ever gain by proposing a more restrictive contract.

2 Recall our earlier discussion of assumption (10). If the model were extended to include
states of the world in which the covenant was not binding on the good firm, then assumption
(10) would mean that if the borrower requests renegotiation, it is highly probable that it is
bad. We discuss the implications of dropping assumption (10) following Proposition 1 below.
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would always prefer to mimic the good borrower’s offer. So, no separat-
ing equilibrium can exist.

No pooling equilibrium with both types of borrowers choosing a level of
safety activities below x" is possible. This follows since the lender would
prefer to liquidate rather than accept any new contract with a lower
covenant. Of course, neither type of borrower will place itself in breach of
the initial contract just to be liquidated. So, both types satisfy the initial
covenant and no renegotiation takes place.

We can now derive the optimal contract when renegotiation is permit-
ted and state our first result:

ProposITION 1.  The covenant restriction in the renegotiable contract
is more stringent than the covenant restriction in the nonrenegotiable
contract.

Proof. See Appendix 1.

The intuition behind Proposition 1 becomes clear when we compare the
first-order condition for the optimal covenant in the nonrenegotiable con-
tract (Eq. (17)) with the first-order condition for the optimal covenant in
the renegotiable contract,

—p(1 = ORY1 — x") + (1 — pRY(x") = 0. 21

For any covenant level x, the marginal cost of the covenant in the renego-
tiable contract (the first term of (21)) is smaller than the marginal cost of
the covenant in the nonrenegotiable contract (the first term in (17)). This
follows since in the renegotiable contract, the covenant imposes a costly
constraint on the good firm only when the lender is uninformed and the
contract cannot be renegotiated. The marginal benefit of the covenant in
both contracts is equal. Thus, the optimal covenant in the renegotiable
contract will be stricter than in the nonrenegotiable contract.?
Intuitively, renegotiation permits the covenant to be relaxed when the
lender believes that it poses an inefficient constraint. Since this reduces
the probability that the good borrower must invest in safety activities, the
initial contract can impose stronger controls on the bad borrower. It can
also be shown that x” — x* is increasing in 0; as the effectiveness of the

% How would relaxing assumptions (4)—(6) affect the optimal renegotiable contract? One
effect of relaxing assumptions (4) and (5) would be to widen the range of values of p for
which an interior solution is optimal, as in the case of the nonrenegotiable contract. In this
case, however, relaxing assumption (5) has an added effect. In the informative state, the
good firm would still choose to invest only in growth activities given (6). But if ¢ were large
enough so that the good firm should optimally make some investment in safety activities,
renegotiation would lead to overinvestment in growth activities (relative to the first best).
This would reduce the profitability of the renegotiable contract. However, this would not
change x” or affect any of our comparative statics results.
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lender’s monitoring apparatus improves, the good borrower must honor
the very restrictive initial covenant less often, so the optimal covenant is
more stringent. As with the nonrenegotiable contract, the first-order con-
dition for the optimal covenant in the renegotiable contract (Eq. (21)) can
be differentiated to show that dx*/dp < 0.

What happens if we remove parametric restriction (10), which guaran-
tees that no renegotiation occurs in the uninformed state? It is still true
that only pooling equilibria are possible in the uninformed state. But if
restriction (10) is violated for x = x*, then there exists a pooling equilib-
rium in which both borrower types violate the initial covenant and pro-
pose a new contract that the lender will accept. Thus, the initial contract
is unenforceable in the uninformed state. Under plausible parametric re-
strictions, the impossibility of enforcing the contract in the uninformed
state means that the renegotiable contract yields negative expected profit
for the lender. Given (8) and (9), it is easy to show that (10) will be
satisfied for all values of p below some critical value, say p*, and will be
violated for all p = p*.77

In the next section, we show that enforceable renegotiable contracts
typically are more profitable than nonrenegotiable contracts when p is low
and less profitable when p is high. So, if we remove restriction (10), there
are two possibilities: (i) Over the range of values of p where the renegotia-
ble contract is enforceable, that is for p = p*, the renegotiable contract is
more profitable than the nonrenegotiable contract for low values of p and
is less profitable for high values of p, or (ii) over p = p*, the renegotiable
contract is more profitable than the nonrenegotiable contract for all values
of p. In either case, our empirical predictions remain intact.

5. THE VALUE OF THE OPTION TO RENEGOTIATE:
EMPIRICAL PREDICTIONS

In this section we present our main results, which relate the value of the
option to renegotiate to the model’s parameters. Our most interesting
result concerns the effect of changes in p, the prior probability of a good
market. At very low levels of p, an increase in p may increase the value of
the option to renegotiate. Beyond some minimum level of p, further in-
creases always reduce the value of this option. After presenting our
results, we provide some intuition and interpretation. At the end of the
section we discuss the possibility of using an alternative contract that
forces the borrower to renegotiate—short-term debt that must be rolled

7 The renegotiable contract will be infeasible if d + & > pL# + (1 — p)L®, that is, a lender
would not invest funds and bear the costs of monitoring merely to have the option to
liquidate the firm in states where the covenant binds. If restriction (8) is violated, (10) is
automatically violated. Appendix 3 gives proofs of the results involving the relaxation of
assumption (10).
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over—and compare it with the contract in which renegotiation is always
voluntary.

Letting w" denote the borrower’s expected profit under a renegotiable
contract and 7* denote the borrower’s expected profit under a nonrene-
gotiable contract, we use (16) and (A1.3) (in Appendix 1) to define the ex
ante value of the option to renegotiate:
d=qgn — g% = p{6R&(1) + (1 — Rl — x") — RE(1 ~ x*)}

+ (1 = p{R®x") — R°x*)} — k.

T

(22)

Since x" > x*, we know that the second bracketed term is positive; that
is, the revenue produced by the bad borrower is always higher under the
renegotiable contract. The sign of the first bracketed term is ambiguous.
When the lender is informed and the contract is renegotiated, the good
borrower’s revenue is higher under the renegotiable contract. But in the
uninformed state, where the contract cannot be ~enegotiated, the good
borrower must satisfy the more stringent covenant and revenue is lower.
Thus,

d
B = (RH(1) — RS(1 = x0)} > 0, (23)

where (23) is derived using the Envelope Theorem and is positive since
Re(+) is an increasing function. The higher the probability that the lender
will learn the borrower’s type, the more likely it is that the good borrower
will not have to satisfy the more restrictive covenant x” and the more
valuable the option to renegotiate. In addition, it is obvious that the value
of the option to renegotiate is lower when monitoring is more costly.
Summarizing, we have:

ProPOSITION 2. The value of the option to renegotiate is increasing in
the probability of the lender’s being informed, 0, and decreasing in the
costs of monitoring, k.

Proof. See Appendix 1.

To determine the effect of the firm’s ex ante creditworthiness on the
value of the option to renegotiate, we differentiate (22) with respect to p
and use the Envelope Theorem to obtain

% = {6Re(1) + (1 — O)RE(1 — x") = R&(1 = x)} = {R°x") — R*x")}

= {0[Re(1) — Re(1 — xM)] — [R&(1 — x*) — R¥(1 — x")]} 24)
— {R°(x") — R*(x*)}.
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The first line of expression (24) shows that the sign of dw4/dp depends
upon the size of the good borrower’s expected revenue gain—taking into
account the probability that it will be forced to honor a more restrictive
covenant with probability 1 — 8—compared with the size of the revenue
gain from tighter control of the bad borrower. The derivative dm</dp will
be negative when the good borrower’s expected revenue gain is small and
bad borrower’s revenue gain is large.

We are primarily concerned about the behavior of 7¢ over the region
where both contracts have interior solutions for the optimal covenant.
But evaluating expression (24) at extremely high and low levels of p,
where contracts yield corner solutions, provides some useful information.

ProposITION 3. If for some value of p, 0 < x"(p) < 1 and 0 < x*(p) <
1, then there exist p?, pb, p¢, pd, with p* < p® < p¢ < pd, for which the
following hold:

(i) dmdldp >0, 0<p<p?

(i) dmildp <0, p¢ < p < pY,
(i) dmdldp = 0, pi=p=<1,and
(iv) dnwdldp*<0, p=pb

Proof. See Appendix 1.

Proposition 3 states that dm“/dp is positive and nonincreasing for very
low values of p and that it is negative for very high values of p—until p is
high enough that both contracts prescribe no covenant at all. When both
contracts prescribe no covenant, there is nothing to renegotiate, and non-
renegotiable contracts dominate. As shown in Fig. 2, [p®, p°] is the inter-
val on which both contracts have interior solutions for the optimal cove-
nant. For p outside this interval, either one or both contracts have corner
solutions. It should be noted that without any further restrictions on the
functional forms, part (i) of Proposition 3 guarantees that there exists
some critical value of p on the interval [p®, p], beyond which the value of
the option to renegotiate is strictly decreasing (until both contracts pre-
scribe no covenant).

Proposition 4 provides a plausible sufficient condition for the value of
the option to renegotiate to fall continuously as p increases above some
critical value.

ProPOSITION 4.  If w4 is quasiconcave for all values of p where both 0
< x"(p) <1 and 0 < x*(p) < 1, then there exists some p’ € [p?, p¢] such
that

(i) dmdldp >0, 0<p<p,
(i) dmildp <0, p <p<pi and
(i) dmwdldp = 0, pi=p=1.

Proof. See Appendix 1.
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F1G. 2. w¢is increasing for all p < p’ and decreasing for all p > p'.

Figure 2 illustrates a case in which ¢ first increases and then decreases
as p increases over the interval [ p®, p¢] where both contracts have inte-
rior solutions. Note that it is possible for ¢ to be decreasing in p over the
entire interval with interior solutions; in particular, this will be true if p’ <
p®.

The conditions of Proposition 4 are satisfied for many reasonable reve-
nue functions because the behavior of ¢ is driven primarily by the con-
cavity of the revenue functions.?® Compared with the nonrenegotiable

% Examples with negative exponential revenue functions and with quadratic revenue are
shown in Appendix 4. In both cases, #¢ is quasiconcave over the region where there are
interior solutions.
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contract, the renegotiable contract is beneficial because it permits a
stricter covenant to be imposed on the bad firm—this gain is measured by
Rbx") — RP(x*)—and because it allows the good firm to renegotiate a less
restrictive covenant when the lender is informed—this gain is measured
by R&(1) — Re&(1 — x"). The cost of the renegotiable contract is that the
good firm is forced to honor the more stringent covenant when the lender
is uninformed—this loss is measured by R&(1 — x*) — R&(1 — x"). As p
increases, there are two opposing effects: First, since the borrower is
more likely to be good, the probability of beneficial renegotiation in-
creases, which tends to make the option to renegotiate more valuable.
Second, since agency problems are less likely, the value of more stringent
control over the bad borrower decreases, which tends to make the option
to renegotiate less valuable.

The concavity of the revenue functions implies the second effect domi-
nates, for a given difference x” — x*.2 As p increases, both x" and x*
decrease, implying that optimal covenants become less stringent. So,
when p is large, R%(x") — R®(x*) is large, implying that the marginal gains
from greater stringency fall rapidly in p. Further, for large p, both the
gain from renegotiating the stringent contract—measured by [R&(1) —
Re(1 — x")]—and the cost of excessive stringency when the lender is
uninformed—measured by [R&(1 — x*) — R&(1 ~ x")]—are small. Thus,
the net benefits for the good firm become negligible when p is large. As
indicated by the second equality in (24), this means that the value of the
option to renegotiate will be decreasing for large enough p.

In essence, as the probability of good market conditions increases, the
control of agency problems becomes less important. When good market
conditions are unlikely and agency problems are severe, optimal cove-
nants are very stringent. So, the option to relax these covenants selec-
tively is quite valuable. When good market conditions are very likely,
optimal covenant restrictions are less stringent, and the benefits of being
able to relax covenants selectively grow smaller.

Our model’s predictions are consistent with empirical findings concern-
ing a firm’s choice between publicly placed debt, on the one hand, and
privately placed debt and bank loans, which are easier to renegotiate, on
the other. Our model predicts that a particular firm’s debt contracts will
have more stringent covenants when the debt is closely held, thus provid-
ing theoretical support for a conjecture of Smith and Warner (1979). Our
model also predicts that the most creditworthy firms will float public debt
and that less creditworthy firms will take bank loans or place their debt
privately. It is the less creditworthy firms that benefit most from debt
contracts with stringent covenants and, in turn, the option to reduce the
costs of stringent covenants by renegotiation. This result is consistent

* In general, x" — x* does not remain constant as p increases.
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with the empirical research of Blackwell and Kidwell (1988) who find that
speculative-grade issuers would have paid substantially more to sell their
debt publicly rather than privately. They thus conclude that there is a
positive relationship between a firm’s agency problems and the benefits of
issuing privately.

Restrictive Covenants and Debt Maturity

Implicit in our model of renegotiable debt is that it is optimal to control
the borrower through contractual provisions that trigger renegotiation
only when the borrower chooses to violate the initial covenant. Knowing
that they will be bargaining from a position of weakness, the bad borrower
in the informed state and both borrowers in the uninformed state choose
to honor the initial contract. We have not considered the possibility that
the initial contract might force the borrower to renegotiate. This would be
the case if the borrower and lender signed a short-term debt contract
requiring payments in period 2. Then, since no revenues can be produced
in period 2, the firm would avoid liquidation only if it were able to roll
over the loan.’

Given restrictions (8)—-(10), only the good firm in the informed state
could roll over its loan, and the lender would liquidate in all other states.
If we permit the lender to make up-front payments to the borrower—
necessary for zero expected profit for the lender—then the short-term
contract strictly dominates the long-term contract with covenants: Let 7°
denote the total expected surplus to be divided between the borrower and
lender under the short-term contract. Since the expected profit of the
lender is zero under the renegotiable contract, 7" represents the total
expected surplus of the renegotiable contract. Then using Eq. (A1.3) of
Appendix 1 we have

7 — 7" = —p(l — O[Re(1 — x") — L&] + (1 — p)[LP — RO x")] > 0.3
(25)

Intuitively, the first term reflects the loss in efficiency from using short-
term debt—the inefficient liquidation of the good borrower when the
lender is uninformed. The second term represents the gain in efficiency—
the efficient liquidation of the bad firm in all states. Given restriction (10),
the expected gain outweighs the expected loss.

% We thank an anonymous referee for these insights.

3 To show * — 7" > 0, observe that the second term in (25) is positive by (8). Therefore,
if Re(1 — x") — L& < 0 then #* — " > 0. To prove #* — 7" > 0 when R&(1 — x") — L¢ > 0,
rewrite (25) as w* — 7" = {[pLe + (1 — p)LP] — [pRe(1 — x") + (1 — p)RYx")]} + pO[ R —
x") — Le]. By (10), the term in braces is positive. Therefore. R&(! — x") — L& > 0 implies 7* —
> 0.
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It is worth noting that if the cost of the monitoring apparatus, k, is high
enough, and the ex ante creditworthiness of the borrower, p, is low
enough, then short-term debt will dominate the nonrenegotiable contract,
which will dominate the renegotiable contract (i.e., w3 > 7* > 7). With
p low, liquidation is attractive, but if the monitoring apparatus is too
costly, then monitoring by forced liquidation may be optimal. Thus,
short-term debt may dominate both long-term contracts.

A full analysis of the trade-offs between the use of short-term debt with
forced renegotiation and debt with restrictive covenants is beyond the
scope of the current paper. Here, we suggest merely three variations of
the basic model in which forced renegotiation need not dominate.

(i) Consider again the existence of states of the world where the cove-
nant does not bind the good firm. Then short-term debt may give the
lender too much power in these states, allowing it to extract higher rents
from the firm and causing distortions, as in Rajan (1991). Long-term,
renegotiable debt would prevent this.

(ii) We have assumed that the informed lender is the sole creditor.
Consider, however, a model in which the informed lender holds only a
share (8) of the firm’s debt, and assume that the informed lender and other
creditors have equal priority. Assume further that restrictions (8) and (9)
hold, but that pR&(1 — x*) + (1 — p)R®x*) > pL2 + (1 — p)L"; that is, (10)
does not hold and liquidation is not efficient in the uninformed state.
Under these assumptions, inequality (25) is reversed, and the renegotiable
contract with covenants dominates short-term debt if it is enforceable.
But in Section 4 we showed that renegotiable contracts are infeasible in
this case because the covenant is unenforceable in the uninformed state.
We can reestablish the enforceability of our contract with restrictive cov-
enants by giving the informed lender a higher priority claim than other
uninformed creditors. Letting 8¢ denote the informed lender’s share of
the firm’s assets in liquidation, a sufficient condition for reestablishing the
enforceability of the covenant restriction would be

8pRE(1 — x*) + 84(1 — p)R™(x*) < 8% pLE + (1 — p)L®],

so the informed lender’s private share of the firm’s assets in liquidation is
high enough that it would prefer to liquidate the firm if it defaulted on the
covenant in the uninformed state. Thus, both firm types will honor the
covenant (as in our previous analysis) and renegotiable contracts with
restrictive covenants dominate short-term debt with forced renegotia-
tion.3?

32 Introducing uninformed creditors is not a trivial extension of the model, as this explana-
tion might suggest. A full analysis would require careful consideration of the potential
conflicts of interest between the informed lender and uninformed creditors.
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(iii) Consider another extension of the basic model, where restriction
(10) again holds but the firm’s owner/manager has per-period control
rents (C), that are received as long as the firm is not liguidated and that
are nontransferrable (as in Diamond (1990), for example). Note that the
introduction of control rents has no effect on the value of the option to
renegotiate—expression (22)—because the firm never voluntarily de-
faults in period 2. It does, however, affect the relative efficiency of short-
term contracts with forced renegotiation and contracts with voluntary
renegotiation. In particular, since under the short-term contract, the
lender liquidates the firm in period 2 unless the lender knows that the firm
is a good type, the lost control rents are [ p(1 — 8) + (1 — p)]C. If these are
large enough, which is most likely in privately or closely held firms, either
of the contracts with restrictive covenants might dominate short-term
debt with forced renegotiation.

6. CONCLUSION AND DIRECTIONS FOR
FURTHER RESEARCH

In this paper we have explored the connections between the stringency
of covenant restrictions and the ease of renegotiating debt contracts.
Restrictive covenants are written into debt contracts to control agency
problems, but these restrictions are not costless because they restrict the
borrower’s flexibility to make efficient investment decisions. If creditors’
costs of distinguishing legitimate from illegitimate requests to renegotiate
contractual covenants are not too high, then the option to renegotiate
contracts is valuable. By writing very restrictive covenants, which can be
selectively renegotiated, agency problems are reduced without unduly
constricting the borrower’s ability to make valuable investments.

Our main results concern the impact of the firm’s creditworthiness
on the value of the renegotiation option. We find that when the firm’s
creditworthiness is very low, a rise in creditworthiness will increase the
value of the option to renegotiate. Beyond some minimum level, how-
ever, further increases in the firm’s creditworthiness reduce the value of
the option to renegotiate. In addition, we demonstrate that covenant re-
strictions become less severe as creditworthiness improves, whether or
not the contract can be renegotiated, and that the value of the option to
renegotiate increases as the creditor’s monitoring technology improves.
These predictions are consistent with the anecdotal and empirical evi-
dence concerning factors affecting a firm’s choice between publicly
placed debt, on the one hand, and privately placed debt and bank loans on
the other.

While we feel our results are illuminating, we do not claim to have
unearthed a definitive explanation for the firm’s choice between different
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types of debt. Our model is silent about the relationship between the
complexity of the covenants in the bond indenture and the potential size
of the secondary market for the bond. Complex, tailor-made covenants,
while they may reduce a firm’s borrowing costs by more effectively con-
trolling agency problems, should also reduce the liquidity of the firm's
debt. Exploring this connection should yield more insight into the factors
governing the firm’s choice.

A second interesting departure would be an analysis of optimal contract
design when the firm borrows through a mixture of closely held and
publicly held debt. A few papers, notably, Brown et al. (1992), Bulow and
Shoven (1978), Gertner and Scharfstein (1991), and White (1980), have
examined debt renegotiations in which the firm has both private and pub-
lic debt. Although both Gertner and Scharfstein and Bulow and Shoven
discuss the relationship between the types of inefficiencies that arise in
financial distress and the firm’s initial debt structure, none of the papers
has formally examined optimal contract design in the face of the types of
debtholder conflicts that arise when the firm has both kinds of debt. This
seems like an especially fruitful avenue for further research.

APPENDIX 1: PROOFS OF PROPOSITIONS

A. Proof of Proposition 1

The optimal contract solves

max p{A[Re(1) — L] + (1 — O)[RE(1 — x") — r]} (Al.1)

{r,x"}

s.t. p{Le + (1 — O)r"} + (1 — p)ROYx") — k= d. (AL.2)

For brevity, we have evaluated the min and max operators using condi-
tions (6) and (7) in the text, as in our earlier derivation. The expression for
the borrower’s expected profit (Al.1) and the lender’s participation con-
straint (A1.2) already incorporate the results of our discussion of the
bargaining equilibrium (summarized in (19) and (20) in the text): With
probability 0, the good borrower chooses the efficient level of safety
activities and proposes a new contract to ratify its decision, which is
accepted by the lender. With probability 1 — @ the good borrower honors
the initial contract and no renegotiations occur. The bad borrower always
honors the initial contract and never seeks renegotiation.

Substituting (A1.2) into (Al.1), the borrower’s expected profit can be
written as a function of the covenant restriction:

plORe(1) + (1 — ORe(1 — x)] + (1 — p)R®(x") — k — d. (Al.3)
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Maximizing this expression with respect to x" we obtain the first-order
condition for the optimal covenant

—p(1 = ORY(1 — x") + (1 — p)RI(x") = 0, (Al.4)

assuming we have an interior solution.

Comparing expressions (Al.4) and (17) in the text, the corresponding
first-order condition for the nonrenegotiable contract, it is immediate that
x" > x*, since the revenue functions are increasing and concave, so that
the optimal covenant in the renegotiable contract is more restrictive than
the covenant in the nonrenegotiable contract. Q.E.D.

B. Proof of Proposition 2

Differentiating (22) with respect to # and using the Envelope Theorem
yields

d d
= = pRE(1) = RE(1 — xM),

which is positive since R2(-) is increasing. Differentiating (22) with respect
to k yields

d
(—ZTT = 1. Q.E.D.

C. Proof of Proposition 3

Since the conditions of the Theorem of the Maximum are satisfied,
wP(x"(p), p) is a continuous function of p. Define p’ as inf{p: x" < 1 and
x* < 1}. Similarly, define p¢ as sup{p: x" > 0 and x* > 0}. Thenfor p €
(p®, p°), x"and x* are interior solutions. Finally, define p?as inf{p: x* <
1} and pd as sup{p: x" > 0}. Using (24) in the text and simplifying yields

dmi(p)
dp

—(1 = 0){Re(1) — Re(1 — x")} — {R®x") — RY0)}
for p = p©. (AL.5)

For p¢ = p < pY, since R/(*) is strictly increasing, both the first and
second bracketed terms are positive. So the total expression is negative,
that is, dm 9(p)/dp < 0. Thus, at levels of p high enough so that only the
nonrenegotiable contract prescribes no covenant, the value of the option
to renegotiate is decreasing in p.
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For all values of p high enough that both contracts prescribe no cove-
nants, that is, for p¢ = p =< 1, it is obvious that no renegotiation would
ever occur, since both firms are unconstrained. So by (22) in the text,
¢ = —k, and so dmw¥(p)/dp = 0.

For all p = p?, x" = x* = 1, and expression (22) in the text implies

7¢ = pO{Re(1) — R&0)} — &, (Al.6)

which is clearly increasing and (weakly) concave in p. So over some
initial region where both contracts have the most stringent covenants
possible, dw4(p)/dp is positive and nonincreasing.

Finally, for all p such that p? < p < pb x" = I and x* has an interior
solution. So, by (24),

d
dﬁd—p(p) = 6Re(1) + (1 — ORE(0) ~ Re(1 — x*) — {R®(1) — R®(x*)}.
(AL1.7)
Differentiating this expression with respect to p yields
dz‘le(P) _ g - * b * {d_x*}
ra {RE(1 = x™*) + RI(x*)} ) (A1.8)

which is negative, since assumption (2) implies that the first bracketed
term is positive and since dx*/dp is negative. Thus, 7 ¢ is concave for all
p= pb. Q.E.D.

C. Proof of Proposition 4

By Proposition 3, dm4/dp is positive at p? and negative at p¢, Then
quasiconcavity of ¢ on the interval [p®, p°] guarantees that dm“/dp
cannot equal zero at more than one p on this interval. Q.E.D.

APPENDIX 2: DERIVATION OF THE UNIQUE
EQUILIBRIUM OUTCOME

Let 7/(r, x) be the expected profit of a firm that observes signal j at
contract (r, x). Then #/(r, x) = p,; max[R&1 — x) — r, O] + py;
max[RP(x) — r, 0]. So the bad firm’s expected profit at contract (r, x)
is w°r, x) = ¢ max[R&(1 — x) — r, 0] + (1 — &) max[RP(x) — r, 0] and
the good firm’s expected profit at contract (r, x) is w&(r, x) = (1 — ¢)
max[R&(1 — x) — r, 0] + e max[R"(x) — r, 0]. We analyze the equilibrium
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(r,x) = ¢ max[R&(1-x)-r,0)] + (1l-¢) max[RE(x)-r,0]

m8(r,x) = (l-¢) max[R&8(l-x)-r,0) + ¢ max[Rb(x)-r,O]

F1G. 3. Fully informed lender.

for £ sufficiently small. (We assume that if the lender is indifferent be-
tween rejecting or accepting an offer, it will accept.)

Lender Fully Informed

Refer to Fig. 3: £ is the firm’s choice and (r’, x’) is the firm’s offer.

Consider the bad firm and use backward induction. At the lender’s
node, it would rather liquidate the firm than accept the offer. This is
because by liquidating the firm the lender receives el8 + (1 — g)Lb = L
for small ¢, and by accepting the offer, the lender receives & min[r',
Re(1 — )] + (1 — €) min[r’, R®%)], which for small £ is less than Lb.
(To see this, note that for small &, € min[r’, R&(1 — £)] + (1 — &) min[r’,
Rb(#)] = min[r', R%%)] < RP(1) < L by Eq. (8) in the text.) So the lender
will reject the offer.

Given that the lender will reject the offer, will the firm make an offer or
comply with the original contract? If the firm complies, its profit = 7 °(r,
x"). If the firm does not comply, then its profit is 0, since the firm liqui-
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dates. Therefore, the firm will comply, since 78", x") > 0. So there is a
unique sequential equilibrium involving the following strategies: {bad firm
complies, lender rejects offer}.

Consider the good firm. At the lender’s node, if it rejects the offer, it
receives (1 — )& + eLP, and if it accepts the offer, it receives (1 — &)
min(r’, R&(1 — £)] + & min[r’, R®(£)]. Therefore, the lender accepts the
offer & (1 — &) min[r’, R&(1 — £)] + e min[r’, RY(£)] = (1 — &)L& + eL’.

Suppose the lender accepts the offer; then what will the firm do? The
firm will comply if w8(¢", x") > w&(r’, £). So if w&(r", x") < w8&(r', £) and
(1 — &) min[r’, R&(1 — £)] + e min[r’, R%%)] = (1 — e)L& + ¢L", then the
firm makes the offer (+', x') and the lender accepts. The firm would re-
ceive mw8&(r’, £) and lender would receive (1 — &) min[r’, R8(1 — %)] + ¢
min[r’, R%%)]. Given this, what would the firm offer? The best the firm
candoisx’ =% =0,r = L&+ [e/(1 — &)][LP — RY0)]. Then the lender’s
profit = (1 — &) min{r’, R&(1)] + & min[r’, RY0)] = (1 — &)r' + eR®0) =
(1 — ef{Le + [e/(1 — &)] [L® — R™O0)]} + eR™0) = (1 — g)Lt + &Lb, so
the contract is consistent with the lender’s accepting.

And given that this offer is accepted by the lender, the firm would
indeed want to make the offer. (To see this, note that if the firm makes the
offer and it is accepted, the firm receives w8(+', £) = R&(1 — x') — r' =
Re(1) — Lg — [¢/(1 — &)][LP — RY0)] = Re(1) — L& for small £. If the firm
does not make an offer, it receives w&(r", x") = R&(1 — x*) — r" = R&(1 —
xM) —[d+ k- (1 — p)RMx") — pOLE]/p(1 — 0) (since by Eq. (A1.2) in
Appendix 1, zero_profit for the lender implies r" = [d + &k — (1 —
p)R®(x") — pAL#}/p(1 — 6).) As long as the ex ante expected return from
liquidating the firm is less than the risk-free rate d, that is, as long as
always liquidating is a negative net present value project (note that this
does not mean that liquidating is better then not renegotiating) then the
firm is better off making the offer. Proof: If always liquidating is a nega-
tive NPV project, then pLs + (1 — p)L? — d <0 > pLs + (1 — p)RP(x") —
d — k < 0 (since Rb(x") < LY by assumption (8)). But this implies, p(1 —
OIRe(1) — Re(1 — xM)] > pLe + (1 — p)R*(x") — d — k> Re(1) — L& >
Re(1 — x") — [d + k — (1 — p)RYx") — pOLEl/p(1 — 6) = =e&(r', £) >
we(r", x").

Therefore, one Nash equilibrium involves the following strategies:
{firm chooses £ = 0 and offers (r', x') = (L& + [e/(1 — &)][L® — R®(0)], 0),
lender accepts offer}.

Suppose now that the lender rejects the offer, that is, (1 — &) min[r’,
Re(1 — £)] + emin[r’, RP(£)] < (1 — £)L& + gLb. Then what would the firm
do? If the lender rejects the offer, then the firm gets 0 if it does not comply
and 7 (r", x") if it does comply. Therefore, the firm complies since (",
x") > 0. So, if the lender rejects the offer the firm will comply. Hence,
another Nash equilibrium involves the following strategies: {firm com-
plies, lender rejects offer}. However, this Nash equilibrium is not a se-
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78(r,x) = {l-¢) max[R8(1-x)-r,0] + ¢ max[R®(x)-r,0]}

F1G. 4. Uninformed lender.

quential equilibrium because once the lender’s node is reached, it is opti-
mal for the lender to accept the offer.

Thus, there is a unique sequential equilibrium involving the strategies:
{good firm chooses £ = 0 and offers (r', x') = (L8 + [¢/(1 — &)]{L" —
R®(0)], 0), lender accepts offer}.

Lender Uninformed

Refer to Fig. 4: %, is the bad firm’s choice and %, is the good firm’s
choice.

First check the existence of any pooling equilibrium: Assume that the
firms make the same offer (v', x’).

Let g be the probability the lender assigns to the firm’s being good if its
information set is reached. 1 — g is the probability the lender assigns to
the firm’s being bad if its information set is reached. Will the lender accept
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or reject the offer (r’, x')? The lender accepts if its expected profit from
accepting = expected profit from rejecting. The expected profit from
accepting is (1 — g) {& min[r’, R&(1 — £)] + (1 — &) min[r’, R*®)]} +
g {(1 — &) min[r’, R&(1 — £)] + & min[r’', R%X)]}. So, for small ¢, the
maximum profit the lender can receive if it accepts is (1 — g)R(%y) +
gR&(1 — %p). (There are four cases: If ' < R®(iy)and r' < R&(1 — £,), then
the lender’s profit if it accepts is (1 — g) {er’ + (1 — &)r'} + g{(1 — e)r' +
er'’} =r < (1 — @QJRM%p) + gRe(1 — £,). If ' < RP(%y) and r’' > R&(1 —
£g), then the profit from accepting is (I — g) {e R&(1 — £,) + (1 — e)r'} +
g{(l — eRe(1 — %) + e r'} < (1 — @RX,) + g RE(1 — £,) for small .
If r' > RY(%,) and r' < R&(1 — £,), then the profit from accepting is (1 — q)
{er + (1 = R(&)} + g {(1 — &)’ + & R°(&p)} < (1 — @)R"(%y) + ¢
Re(1 — %) for small e. If r' > R®%p) and r' > R&(1 — £,) then the profit
from accepting is (1 — gq) {&¢ R&1 — £,) + (I — &RP(xp)} + ¢{(1 —
e)RE(1 — £,) + & Ry} = (1 — @)R®(%y) + g R&(1 — %£,) for small £.)

If the lender rejects the offer, its expected profitis (1 — ¢q) {eL& + (1 —
g)Lb} + g {(1 — g)Le + &L}, which for small ¢ = (1 — ¢)LP + gL=.

Soif (1 — @)R®%y) + g RE(1 — £,) < (1 — @)L" + gL&, the lender will
reject the offer.

Suppose the lender’s belief g is such that it rejects the offer. Then, what
is the bad firm’s best response to this? Given that the lender rejects the
offer, the bad firm receives profit of 0 if it does not comply, and profit is
ab(r", x™) if it does comply. Therefore, the bad firm will comply, since
wb(rn, x") > 0.

What is the good firm’s best response to the lender’s rejecting? Given
that the lender rejects the offer, the good firm receives profit of 0 if it does
not comply and profit is 7&(r", x") if it does comply. Therefore, the good
firm will comply since 78(r", x") > 0.

Note that if both firms comply, then the lender’s information set is
never reached. Hence, there is a continuum of Nash equilibria: {good firm
comply, bad firm comply, lender reject offer} supported by any belief ¢
such that (1 — )R x") + g R&(1 — x") < (1 — q)L® + gL#. These Nash
equilibria are sequential equilibria. The reason is that, since the informa-
tion set of the lender is not reached, we can specify any action on the part
of the lender as long as it is supported by some belief. (If the lender’s
information set were reached in some Nash equilibrium, then we would
have to specify the lender’s belief using Bayes’ Rule. But since the infor-
mation set is not reached, we are free in specifying beliefs.) We can say
there is a unique sequential equilibrium outcome—comply.

Now, check the existence of any separating equilibrium. Assume that
the bad firm makes the offer (ry, xp) and the good firm makes the offer (r,,
Xg)-

If the lender saw (rg, x,), it would place a probability of 1 that the firm is
good and would accept the offer as long as (1 — &) min[r,, R8(1 — xp)] + ¢
min[ry, R®xy)] = (1 — £)L& + eL® (we assume that if there is a tie, the
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lender will accept the offer). The best action and offer the good firm could
make if the offer is accepted and & is small is £, = 0, x;, = 0, r, = L& +
[e/(1 — &)][LP — R®(0)], since this would maximize the good firm’s profit =~
Re(1) — L& for small ¢.

If the lender saw (ry, xp), it would place probability of 1 that the firm
is bad. The most the lender could get by accepting is & min[ry,
Re(1 — )] + (1 — &) min(r;,, RY(%,)] = min[r;, RP(£)] for small &, while
by rejecting the offer the lender would receive eLg + (1 — &)L =~ L for
small . Since min[ry, R®(%,)] < L, the lender would reject the offer. So
the bad firm’s profit would be 0. If the bad firm complied, then it would re-
ceive mo(r", x*) = ¢ max[R&(1 — x") — r", 0] (since our assumption in
footnote 22, that R%(1) < (d — pOL®)/(1 — p#o), implies RP(x") < r").
Since this profit is greater than zero, the bad firm would prefer to comply
than to make an offer that differs from the good firm’s offer. Thus, there
can be no separating equilibrium.

APPENDIX 3: PROOFS OF ASSERTIONS IN SECTION 4 ON
EFFECTS OF RELAXING ASSUMPTION (10)

LEMMA 1. There exists a critical value p* € [0, 1] such that

PRE(1 — x*(p)) + (1 = p)R°(x*(p)) = (<) pL# + (1 = p)L®iff p = (<) p*.
(A3.1)

Proof. Define:
¢(p) = pRE(1 — x*(p)) + (1 — p)R*(x*(p))
and
L(p)y = pLt + (1 — p)L>.
Observe that:

¢(0) — L(0) = R°1) — LP < 0 by assumption (8) in the text and
&(1) — L(1) = R&(1) — L& > 0 by assumption (9) in the text.
Therefore, to show (A3.1), all we need to show is that ¢(p) — L(p) = 0

implies ¢'(p) — L'(p) = 0.
Now:

&(p) — L(p) = 0o R&(1 — x*(p)) — Lt = 1% [L> — R*(x*(p))].
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And:

&'(p) — L'(p) = [R&(1 — x*(p)) — L8] — [R%x*(p)) — LP]
+ [-pRY1 = x*(p) + (I — p(ROx*(p))] ‘fjip
= [R(1 — x*(p)) — L#] ~ [R°(x*(p)) — L],

using the first-order condition for the nonrenegotiable contract, Eq. (17)
in the text. Therefore, V¥ p such that ¢(p) — L(p) = 0,
] —_
¢'(p) — L'(p) = —p’3 [Lb — Ré(x*(p))] — [R(x*(p)) — L]
|
= I; [LP — R®x*(p))]
=90 by assumption (8) in the text. Q.E.D.

LeEMMA 2. In the uninformed state, only pooling equilibria are possi-
ble when {d(p) — L(p))] > 0.

Proof. ldentical to the proof when [¢(p) — L(p)] < 0 given in Appen-
dix 2.

LEMMA 3. In the uninformed state, if [d(p) — L(p)] > 0and d + k >
L(p), then both types choose x§ = xP = x" < x" in period 1 and the
contract is renegotiated.

Proof. Given Lemma 2, we restrict attention to pooling equilibria.
Assume that the borrowers choose xf = x? = x" < x" in period 1 and offer
contract (+", x”), where r” is the minimum r that will be accepted by the
lender. That is, r” satisfies

pr" + (1 = p)Rx") = L(p). (A3.2)

A necessary and sufficient condition for this pooling equilibrium to
exist is that the good firm prefers (x”, r”) to (x", r"), which requires that

D(p) =[R&(1 — x") — r"] — [R&(1 — x") — r1] > 0. (A3.3)
It is easy to show that there is a unique x* satisfying

x* = argmax[R&(1 — x") — "] — [R&(1 — x") — r"] subject to (A3.2).

So if D(p) evaluated at x” = x* is > 0, then the pooling equilibrium will
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exist. To show this, differentiate D(p) evaluated at x" = x* with respect
to 6:

abD(p) _ .. _ _,dx"  dr
do - Rl =X+

(A3.4)

Recall that r" solves
pl6Le+ (1 —@r+ (1 —-p)R(x"y—d—-k=0.

Therefore,

dx” d+ k

- [Re - - s | G+
1 — (1B Lg

e Rb‘x )" T8

dD(p) _
dé

By the first-order condition for the renegotiable contract (Eq. (21) in the
text), the first term is zero. Therefore,

dl:z;p) = L gp [ + k= pLE = (1 = PRGN,

So:
. d . 1
sign {—_lzii)p)} = sign {p————(] s fd+ k—plLe - (1 - p)Rb(x")]}.

Since, by assumption, d + k > L(p) = pL® + (1 — p)L°> > pL# + (1 —
p)R°(x"), then dD(p)/d0 > 0. Therefore, if D(p) evaluated at x” = x* is
greater than 0 at § = 0, then D(p) evaluated at x” = x* is greater than 0 at
all 8. To show D(p; x" = x*) > 0at § = 0, note that at 6 = 0, x" = x* and
r" > " (since by assumption, d + k > L(p)). So D(p; x" = x*)at 6 = 0 is
rm—r" >0,

Thus, (r" = L(p)/p — (1 — p)/p) R®x"), x" = x*) is a pooling equilib-
rium, Q.E.D.

PrOPOSITION. If¢p(p) > L(p)and d + k > L(p), then the renegotiable
contract is infeasible.

Proof. Given Lemmas 1-3, we know that if ¢(p) > L(p)and d + k >
L(p), the lender’s expected profit in period zero is
pleLe + (1 — 0)r"] + (1 — p)OR®(x™) + (1 — OIR"(x")] — (d + k)
= 0[ple + (1 — p)R(xM] + (1 — Npr’ + (1 — pP)R*X"] — (d + k)
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= 6lpLt + (1 — p)R°(xM] + (1 — O)[L(p) — (1 — p)R*(x")
+ (I — pR(X")] — (d + k) by (A3.2)

= 0[pLt + (1 — p)R°(x"] + (1 — O)L(p) — (d + k)

< G[pLt + (1 —p)LP1 + (1 — O L(p) — (d + k)

=6L(p) + (1 — O)L(p) — (d + k)

= L(p) — (d + k)

< 0 by assumption.

Thus, the contract is infeasible. Q.E.D.

APPENDIX 4: EXAMPLES

A. Negative Exponential Revenue Functions

Assume that
Rj(X) = kj - exp{*ij}, J =g, b, (A41)

which satisfy assumption (2) in the text and also satisfy (6) and (7) through
an appropriate choice of k, and k. (Note that this is without further loss
of generality since both &, and &, cancel when 7 ¢ is evaluated.)

An attractive feature of this example is that the optimal covenants may
be calculated explicitly:

I R

b, + by (A4.2)
and
by + In{d} (1 = p)by
LI S ERERALY £4 = —
X be ¥ by where ¢ by (A4.3)

Using (A4.2) and (A4.3) it is easy to calculate the difference between the
two covenant restrictions:

X" — x* = %”{E.?b—m. (Ad.4)
g

Note that the difference between the optimal covenants is independent
of p, an artifact of this particular functional form. So dx"/dp = dx*/dp. To
check whether 7¢is quasiconcave over the relevant region, we differenti-
ate Eq. (24) in the text again with respect to p and use first-order condi-
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tions (17) and (21) to find

dwd 1 dx"
dp* p dp

%
{RYGeo) % ~ (RYe 2. (A4.5)

Since x* < x" and RP() is concave, RP(x*) > R°(x") > 0. Recall that
dx*/dp < 0 and dx"/dp < 0. Therefore, a sufficient condition for 7 to be
concave (that is, d*m9/dp? < 0) is |dx*/dp|=|dx"/dp|. And since dx"/dp =
dx"/dp in this example, 7¢ is concave over the region with interior solu-
tions and, therefore, satisfies the conditions of Proposition 4.

B. Quadratic Revenue Functions

Next, we examine the following quadratic revenue functions:
Ri(x) = K + ax — ¥bx?, a>b,j=g,b, (A4.6)

where ¥ can be chosen to satisfy Eqs. (6) and (7) in the text without
further loss of generality. The optimal covenants are

o (L= p)a—p(l = )a - b)
(1 - p)b

(A4.7)

and

(I — pla — p(a - b)
b .

x*

(A4.8)

We now show that 74(-) is quasiconcave in the relevant region. Differ-
entiating (A4.7) and (A4.8) with respect to p yields

dx" _ (1 - 6)Qa — b) dx*  —Qa - b)
dp (0 — po)b a g b

respectively. Substituting these and Eqgs. (A4.7) and (A4.8) into Eq.
(A4.5) yields

2d —
= = 2 - 10 - pa - pla - b
_ 1-0 _(l—p)a—p(l—())(a-—b)
(1 — poy? (“ 1 - pé )}
1Qa-b) (1 - oy

= p“T—{(Za—b)p—m(Za—b)P

_ _Qa-bP[ -0y
B b {1 (1 —p0)3}'

(A4.9)
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Hence, d*m4/dp? < Oifandonlyif p <(1 — (1 — 8)??)/9. Letp=(1 — (1 -
6)?3)/6. Remembering that p¢ is the largest value of p for which both
contracts yield interior solutions, then, if p¢ < p, 74(-) is concave over the
relevant region. If p¢ > p, then d*m4(p)/dp® > 0 for all p such that p < p <
p°. As demonstrated in Proposition 3, dm4(p¢)/dp < 0. Thus, over the
region with interior solutions [p®, p¢], m4(*) is quasiconcave.
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